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It is not down in any map; true places never are.
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A B S T R A C T

In this thesis we present a theoretical study on the radiative recombination of elec-
trons into the ground state of hydrogen like ions in the presence of an intense
external laser field. We employ for the description of this process Heisenberg’s
S-matrix theory, where the final bound state of the electron is constructed using
first order time dependent perturbation theory. Two different initial electron states
are considered. First asymptotically plane-wave-like electrons with a separable
Coulomb-Volkov continuum wave function and secondly twisted electrons with
a well defined orbital angular momentum constructed from Volkov states. Using
this approach we perform detailed calculations for the angle-differential and total
cross section of laser assisted radiative recombination considering low-Z ions and
laser intensities in the range from IL = 1011 W/cm2 to IL = 1013 W/cm2. Special
emphasis is put on the effects arising due to the laser dressing of the residual
bound state. It is seen that the bound state dressing remarkably affects the total
cross section and manifests moreover as asymmetries in the angular and energy
distribution of the emitted photons. For incident Coulomb-Volkov electrons we
study moreover the polarization of the emitted recombination radiation. Here we
find that the direction of polarization is rotated depending on the energy of the
emitted recombination photons.
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Z U S A M M E N FA S S U N G

Die vorliegende Arbeit befasst sich mit dem Prozess der strahlenden Rekombi-
nation in starken Laserfeldern unter Beteiligung von wasserstoffähnlichen Ionen.
Für die Beschreibung dieses Prozesses nutzen wir Heisenbergs S-Matrix Theorie.
Die Wellenfunktion des gebundenen Endzustandes wird mit Hilfe von zeitab-
hängiger Störungstheorie in erster Ordnung konstruiert. Für den Eingangszus-
tand ziehen wir zwei verschiedene Möglichkeiten in Betracht. Erstens separable
Coulomb-Volkov Wellenfunktionen, welche räumlich asymptotisch einer ebenen
Wellen entsprechen und zweitens Vortexelektronen mit einem wohldefinierten Bah-
ndrehimpuls. Letztere konstruieren wir als Überlagerung von Volkov-Lösungen
der zeitabhängigen Schrödingergleichung. Mit Hilfe dieser Herangehensweise be-
rechnen wir den winkeldifferentiellen und totalen Wirkungsquerschnitt der laser-
getriebenen Rekombination. Hierbei betrachten wir wasserstoffähnliche Ionen mit
niedrigen Kernladungszahlen und Laserintensitäten von IL = 1011 W/cm2 bis
IL = 1013 W/cm2. Im speziellen untersuchen wir die Effekte, welche von den
laserinduzierten Veränderungen des gebundenen Endzustands herrühren. Unsere
Ergebnisse zeigen, dass diese Veränderungen starken Einfluss auf den totalen
Wirkungsquerschnitt haben und außerdem als Asymmetrien in der Winkel- und
Energieverteilung der emittierten Photonen sichtbar werden. Für Coulomb-Volkov
Elektronen als Eingangszustand berechnen wir darüber hinaus die Polarisation der
emittierten Strahlung. Diese ändert die Richtung ihrer Polarisation abhängig von
der Energie der ausgestrahlten Photonen.
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1
I N T R O D U C T I O N

The capture of an electron into a bound state of an atom or ion if accompanied
by the emission of a photon is called radiative recombination (RR). This fundamen-
tal capture process can be observed for example in astrophysical and laboratory
plasmas [1–3] and has been studied extensively both in theory and experiment
already for decades (see Ref. [2, 4, 5] and references therein). If the electron and
the nucleus it recombines with are exposed to an external laser field one speaks of
laser assisted radiative recombination (LARR). In this case, which we sketched in Fig.
1.1, the characteristics of the emitted recombination radiation as well as the cross
section of the process may change remarkably compared to RR. The energy distri-
bution of the emitted recombination photons, for example, is possibly broadened
due to an acceleration or deceleration of the incident electron in the laser field. This
modification of the recombination spectrum allows for the interpretation of LARR
as the third step in the process of high harmonic generation [6, 7]. In addition laser
assisted recombination processes have gained rising interest because the external
laser can cause a significant increase of the recombination yield and therefore may
support the creation of neutral antimatter [8–10].

There have been a number of experiments investigating LARR e.g. at the test
storage ring (TSR) in Heidelberg, at the GSI in Darmstadt and at the Helmhotz-
Institute Jena [11–15]. To support the findings of these experiments and make pre-
dictions for further investigations several theoretical studies have been performed
[6, 7, 16–18]. In particular a theory based on the so called strong field approximation
(SFA) has been developed by Keldysh, Faisal and Reiss and has been widely used
up to now [16–18]. In this approximation the influence of the atomic nucleus on
the incident electrons is neglected and it is assumed moreover that the residual
bound state is unaltered by the external laser. During the recent years the SFA-
based description of LARR has been improved. In a first attempt the influence of
the nucleus on the incident electron state has been included in an approximate way
[19]. More recently a theory has been developed that describes the residual bound
state accounting for both the atomic and the laser potential either perturbatively
or by means of a Floquet expansion [20–24].

In this thesis we aim to give a detailed characterization of LARR using a the-
ory that is based on the extended SFA approaches used by Li et al. [21] as well as
Shchedrin et al. [22]. In their works Li and Shchedrin presented only rough estima-
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2 introduction

Figure 1.1: Sketch of the process of laser assisted radiative recombination. A continuum
electron moving in the combined potential of an external laser and its parent
nucleus is captured into a bound state of an atom or ion accompanied by the
emission of a photon.

tions for the total cross section of LARR and a few numerical calculations. We aim
to extend these attempts in the present work and moreover explain analytically
as well as numerically how the external laser and especially its interaction with
the residual bound state influences the angle-differential and total cross section of
LARR. To the author’s knowledge this has not been discussed in the context of
LARR yet, however similar considerations have been made for two-color photoion-
ization [25]. Furthermore we are interested in the polarization of the recombination
photons emitted by means of LARR. While in laser free RR the emitted radiation is
completely linear polarized, it has been shown that this behaviour might be modi-
fied if the process happens in presence of an external laser [20]. Therefore we will
perform a comprehensive study of these modifications generalizing the restricted
example discussed by Bivona et al. [20].

In the past all theoretical investigations of LARR have been performed consid-
ering incident electrons that are described by a plane wave in the limit of infinite
distance between the recombining electron and the parent nucleus. These plane-
wave-like electrons only carry spin angular momentum. In contrast to that recently
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it has been recently found by Bliokh et al. [26] that, free electrons may carry also a
well defined amount of orbital angular momentum along their quantization axis. A
few years ago these theoretical predictions have been verified experimentally and
much effort has been spent to generate free electrons with high values of orbital
angular momentum [27, 28] and to make them available for continuative experi-
ments [29, 30]. The experimental availability of such electron vortex beams or twisted
electrons triggered a bunch of theoretical studies characterizing their properties
[31, 32]. Moreover possible applications in atomic physics have been investigated
[33, 34]. Particularly RR with incident twisted electrons has been adressed lately
[35]. At the same time the interaction of vortex electrons with laser fields has been
explored [36]. Combining the findings of these works and our theory we present
the first study of laser assisted processes involving twisted electrons using the
example of LARR.

To achieve the aims set above we organize the present work as follows. The sec-
ond chapter of this thesis is attributed to the description of electrons in external
laser fields. There we put special emphasis on vortex solutions of the time depen-
dent Schrödinger equation, i.e. we derive wave functions of laser driven twisted
electrons. Moreover we recall the derivation of so called separable Coulomb-Volkov
(SCV) wave functions which approximately describe electrons propagating in the
superposition of an external electromagnetic and the Coulomb potential of an
atomic nucleus. In Ch. 3 we will show how these wave functions can be used
to express observable quantities using the S-matrix theory. Having derived explicit
expressions for the (angle-differential) cross section of LARR and the polarization
properties of the emitted recombination radiation in Ch. 4 we discuss numerical
results in Ch. 5 considering plane-wave-like as well as twisted incoming electrons.
We will conclude this work with a short summary of our findings and an outlook
of possible topics to be addressed in the future.





2
T H E O RY O F E L E C T R O N S I N E X T E R N A L L A S E R F I E L D S

Before we set up a theory for LARR, we need to know how electrons can be de-
scribed if they are exposed to an electromagnetic field. We go about such a descrip-
tion by applying the principal of minimal coupling to the interaction between the
electron with momentum operator p̂ and the external laser field. This principal
implies that, in Coulomb gauge, the electron-laser interaction can be incorporated
into the Hamiltonian of the system by performing the following replacement:

p̂ 7→ p̂ + A(r, t), (2.1)

where A(r, t) is the vector potential of the external laser field.
In this work we restrict ourselves to optical external lasers. Such lasers have a

wavelength λL = 380 nm . . . 780 nm much larger than the typical atomic scale a0 =

0.05 nm. Thus the so called dipole approximation is applicable. In this approximation
the electric field EL(t) of the laser is spatially homogeneous and, hence, only time
dependent. For a linearly polarized laser with frequency ωL we can write

EL(t) = ELεL sin(ωLt), (2.2)

where EL is the electric field amplitude of the laser field and εL its polarization.
The corresponding vector potential that later enters the Hamiltonian via Eq. (2.1)
is

AL(t) =
EL

ωL
εL cos ωLt. (2.3)

Instead of the electric field amplitude, the strength of a laser is commonly charac-
terized by its intensity IL that is related to EL via (in SI units)

IL =
cε0

2
E2

L, (2.4)

where c is the speed of light in vacuum and ε0 the vacuum permittivity.
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6 theory of electrons in external laser fields

2.1 laser driven electrons in vacuum

If an electron in vacuum, i.e. in absence of an atomic nucleus, is exposed to an
external laser field we speak of a free and laser driven electron. We can obtain the
Hamiltonian of such a free electron using Eq. (2.1):

Ĥ f ree(t) =
1
2
(p̂ + AL(t))

2

=
p̂2

2
+ AL(t) · p̂ +

1
2

AL(t)2.
(2.5)

Here we made use of the fact that a AL(t) yields the Coulomb gauge condition
and therefore commutes with p̂. Below we will discuss two types of electrons that
are described by this Hamiltonian.

2.1.1 Volkov solution of the Schrödinger equation

The Hamiltonian (2.5) describes an electron in vacuum with energy Ei and mo-
mentum p that interacts with a spatially homogeneous laser field with frequency
ωL and electric field amplitude EL. The wave function χV

p (r, t) of this electron is
a solution of the time dependent Schrödinger equation (TDSE) with Hamiltonian
(2.5):

i∂tχ
V
p (r, t) = Ĥ f reeχ

V
p (r, t). (2.6)

To simplify this equation it is convenient to perform the gauge transformation

χ̃V
p (r, t) = exp

(
i
∫ t

−∞
dτ AL(τ)

2
)

χV
p (r, t). (2.7)

Equation (2.6) then becomes

i∂tχ̃
V
p (r, t) =

(
p̂2

2
+ AL(t) · p̂

)
χ̃V

p (r, t), (2.8)

where the term proportional to AL(t)2 dropped out due to the transformation. The
exact solution χ̃V

p (r, t) of Eq. (2.8) is the well known Volkov wave function that
reads

χ̃V
p (r, t) = (2π)−3/2 exp (ip · r− iαL(t) · p− iEit) , (2.9)

where αL(t) = EL/ω2
L sin(ωLt)εL is the amplitude of the quiver motion the electron

performs in the laser field. Here it is noteworthy that the wave function (2.9) is a
plane wave multiplied by a time dependent phase.
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2.1.2 Volkov-Bessel electrons

Above we discussed solutions of the TDSE (2.6) for free electrons in an external
laser field. We have shown that these solutions (2.9) are Volkov wave functions
with a plane-wave-like spatial structure. Nowadays however there is rising interest
in superpositions of plane-wave-like states to construct electron beams with novel
properties. Cylindrically symmetric electron vortex beams are one example for this
trend. In contrast to Volkov electrons they carry a well defined amount of orbital
angular momentum l. Experimentally it is possible to produce such electron vor-
tices with angular momenta up to l = 100 using holographic plates [29]. In theory
electron vortex beams are constructed by superimposing plane-wave-like solutions
with momentum p along a cone in momentum space. This cone has a certain radius
κ and opening angle θp = arcsin(κ/p). Physically κ is the transverse momentum
of the vortex electron we aim to construct. Following Refs. [35, 36] we describe the
momentum cone by a weighting function

al,κ(p⊥) = δ(p⊥ −κ) eilϕp

2πilκ
, (2.10)

where p⊥ is the component of the plane-wave-electron momentum p that is or-
thogonal to the z-axis of the reference frame. The direction of p⊥ is defined by the
polar angle ϕp.

As mentioned above, the spatial structure of a Volkov electron (2.9) is plane-
wave-like. Therefore we can superimpose Volkov wave functions (2.9) using the
weighting function (2.10) to construct an electron vortex beam in an external laser
field:

χ̃VB
p (r, t) =

∫ ∞

0
dp⊥

∫ 2π

0
dϕp p⊥al,κ(p⊥)χ̃

V
p (r, t)

=
∫ ∞

0
dp⊥

∫ 2π

0
dϕp exp

(
ilϕp + ip · r− iαL(t) · p− iEit

)
× (2π)−3/2 δ(p⊥ −κ)

2πilκ
p⊥.

(2.11)

Both integrals in this equation can be solved analytically. In order to perform the
integration over the transverse component of the electron momentum we make use
of the following relations:

p · r = p⊥r sin θ cos(ϕp − ϕ) + pzr cos θ, (2.12a)

αL(t) · p = p⊥αL(t) sin θL cos(ϕp − ϕL) + pzαL(t) cos θL, (2.12b)
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where the angles θL and ϕL define the polarization direction of the external laser
and αL(t) = |αL(t)|. After inserting the relations (2.12) into Eq. (2.11) we can readily
perform the integration over p⊥ resolving the delta function in Eq. (2.11). The
remaining integral over the polar angle ϕp reads

χ̃VB
p (r, t) =

i−l

(2π)5/2 exp [ipz (r cos θ − αL(t) cos θL)− iEit]∫ 2π

0
dϕp exp

[
ilϕp + iκr sin θ cos(ϕp − ϕ)

]
× exp

[
−iαL(t) sin θL cos(ϕp − ϕL)

]
.

(2.13)

To solve this integral over ϕp, we use the Jacobi-Anger expansion

eiκr sin θ cos(ϕp−ϕ) =
∞

∑
n=−∞

inJn(κr sin θ) ein(ϕp−ϕ), (2.14a)

e−iκαL(t) sin θL cos(ϕp−ϕL) =
∞

∑
n′=−∞

i−n′Jn′ (καL(t) sin θL) ein′(ϕp−ϕL), (2.14b)

where Jn(x) is the Bessel function of the first kind. From the integration over ϕp

we get another delta function that resolves the infinite summation over n′. Finally
the wave function of the twisted electron is:

χ̃VB
p (r, t) =

(−1)l

(2π)3/2 exp [ipz (r cos θ − αL(t) cos θL)− iEit]

×
∞

∑
n=−∞

Jn+l(κr sin θ)Jn (καL(t) sin θL) exp[i(l + n)ϕ + inϕL].
(2.15)

Because of their Bessel-like structure we will refer to the electrons described by the
wave function above as Volkov-Bessel electrons.

To illustrate the properties of Volkov-Bessel electrons we show in Fig. 2.1 the
probability density |χ̃VB

p (r, t)|2 at three different times for two directions of the
laser polarization. It can be seen in the figure that the center of the distribution
propagates along the classical trajectory parallel to the polarization of the laser
field. In the relativistic regime such Volkov-Bessel electrons have been discussed
in detail in Ref. [36].

2.2 atomic electrons in a laser field

In the previous section we presented exact solutions of the TDSE for electrons in
a spatially homogeneous laser field. We have shown that these solutions can be
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Figure 2.1: Electron density |χ̃VB
p (r, t)|2 of a 25 eV Volkov-Bessel electron with θp = 30◦ and

orbital angular momentum l = 1 at z = 0 and three different times t = 0 fs (left
column), t = 1 fs (center column), t = 2 fs (right column). Results are shown
for two polarization directions of the laser ϕL = 0◦ (upper row) and ϕL = 45◦

(lower row) perpendicular to the beam axis (θp = 90◦). The laser parameters
are IL = 1013 W/cm2 and ωL = 1.17 eV.

constructed in such a way that they are eigenfunctions of the orbital angular mo-
mentum operator with a Besse-like electron density distribution. The investigation
of laser assisted atomic processes however demands the description of electrons
propagating in the superposition of two fields: The fields of the atomic nucleus
and the external laser. The corresponding Hamiltonian now includes the Coulomb
potential of a nucleus with charge Z. It reads:

Ĥ(t) =
p̂2

2
− Z

r
+ AL(t) · p̂ +

1
2

AL(t)2. (2.16)
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For our later discussion it is convenient to split this Hamiltonian into two parts

Ĥat =
p̂2

2
− Z

r
, (2.17a)

Ĥint(t) = AL(t) · p̂ +
1
2

AL(t)2, (2.17b)

where Ĥat is the well known time independent atomic Hamiltonian and Ĥint(t)
characterizes the interaction between the electron and the external laser field. An
exact solution for the TDSE with Hamiltonian (2.16) is not known, therefore it is
necessary to apply proper approximations. The nature of these approximations
depends on the considered electron state. For a continuum electron the strength
of the laser field is much larger than the atomic potential, while the latter exceeds
the laser field if the electron is in a lower bound state. Therefore we will below
derive two types of approximate solutions for continuum and bound electrons,
respectively.

2.2.1 Separable Coulomb Volkov continuum

We have already sketched the derivation of the Volkov wave function (2.9) of a free
electron in an external laser field as an exact solution of the TDSE with Hamilto-
nian Ĥ f ree(t) (2.5). If the electron is not free but in a continuum state of a hydrogen
like ion we have to account for the additional Coulomb potential of the nucleus,
however it is small compared to the driving laser field.

A well established approach to describe continuum electrons in a laser field has
been developed by Jain and Tzoar [37]. They construct so called separable Coulomb-
Volkov (SCV) continuum states based on the assumption that the electron is mainly
influenced by the external laser. Therefore the starting point for the derivation of
a SCV state is the Volkov wave function χ̃V

p (r, t) that has a plane-wave-like spatial
structure given by (2π)−3/2 exp(ik · r). Following Ref. [37] we embed the influence
of the nucleus on the electron by replacing this exponential plane wave term with
the continuum wave function of a hydrogen like ion (see e.g. [38])

φp(r) = (2π)−
3
2 e

πZ
2p +ip·rΓ(1− iZ/p)1F1[iZ/p, 1, i(pr− p · r)], (2.18)

where Γ(x) is the Euler gamma function and 1F1(a, b, z) the confluent hypergeo-
metric function. After replacing the plane wave in Eq. (2.9) by Eq. (2.18) we obtain
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the approximate wave function for an electron in the combined field of a nucleus
and an external laser:

χ̃SCV
p (r, t) =(2π)−

3
2 Γ(1− iZ/p)1F1[iZ/p, 1, i(pr− p · r)]

× exp
(

ip · r− iαL(t) · p− iEit +
πZ
2p

)
.

(2.19)

We see that χ̃SCV
p (r, t) still seperates into a phase-like time evolution and a spatial

structure. It is important to notice that this wave function is neither an eigenfunc-
tion of Ĥ(t) (2.16) nor of Ĥat (2.17a), although the parts we used for its construction
are. Regardless of this restriction Eq. (2.19) behaves properly in the high energy
(p → ∞) and vanishing field (EL → 0) limit. In these limits we recover the Volkov
solution (2.9) for a free electron in a laser field or the continuum wave function of
a hydrogen like ion (2.18), respectively.

After we made plausible that the wave function χ̃SCV
p (r, t) (2.19) is an approxi-

mate description of a laser driven electron in a continuum state of a hydrogen like
ion we need to discuss the validity of our idea. We will only sketch the arguments
here and refer the reader to the literature for a more detailed discussion [37, 39].
In line with our assumptions made above to arrive at Eq. (2.19) the SCV approach
is valid as long as the momentum transferred to the electron by the external laser
field is much larger than the momentum of the free electron motion p. This mo-
mentum transfer is quantified by the prefactor AL(t) in Eq. (2.16). Therefore the
validity condition is:

|AL(t)| � p (2.20)

or equivalently

EL

ωL p
� 1. (2.21)

To illustrate the parameter range in which the SCV wave function (2.19) properly
describes a continuum electron in an external field we show in Fig. 2.2 the validity
condition (2.21) for two thresholds EL/(ωL p) < 0.5 (dashed lines) and EL/(ωL p) <
0.2 (solid lines). The laser frequencies have been chosen to be ωL = 1.17 eV (black
lines), the main line of a Nd:YAG laser that is often frequency doubled to ωL =

2.34 eV (blue lines). So the approximation (2.19) is valid as long as the considered
parameters are below the corresponding lines plotted in Fig. 2.2. We see that up
to laser intensities of IL = 1013 W/cm2 SCV wave functions deliver a reasonable
description of laser driven continuum electrons with typical energies Ei > 10 eV.
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Figure 2.2: Validity condition (2.21) for the SCV continuum wave function for two different
laser frequencies ωL = 1.17 eV (black lines) and ωL = 2.34 eV (blue lines). The
solid and dashed lines refer to two different validity thresholds EL/(ωL p) < 0.5
(dashed lines) and EL/(ωL p) < 0.2 (solid lines). The theory is valid as long as
the chosen parameters are below the shown lines.

2.2.2 Perturbatively dressed bound states

Up to now we obtained an approximate wave function for a continuum electron
that is driven by an external laser field. Our derivations were based on the assump-
tion that the Coulomb potential of the nucleus is much smaller than the vector po-
tential AL(t) of the laser. If the electron is not in the continuum but bound to the
nucleus the situation is vice versa; the atomic potential exceeds AL(t). Therefore
we can treat the laser interaction given by Ĥint(t) within first order time dependent
perturbation theory.

It is essential for our later purposes that all wave functions are obtained in the
same gauge. Therefore we first need to perform the same gauge transformation as
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we did to obtain Eq. (2.8). So the laser dressed wave function ψ̃nlm(r, t) of a bound
state electron in an external field is a solution of the following TDSE:

i∂tψ̃nlm(r, t) =
(

p̂2

2
− Z

r
+ AL(t) · p̂

)
ψ̃nlm(r, t) (2.22)

where nlm are the quantum numbers of the unperturbed hydrogenic state. As it
is small we can now treat the term AL(t) · p̂ perturbatively. Under the assumption
that the laser is not in resonance with any atomic transition we follow Ref. [40]
and obtain the perturbed bound state wave function:

ψ̃nlm(r, t) = e−iEnt

[
φnlm(r)−

EL

2ωL
∑

n′ l′m′

(
eiωLt

ωn′n + ωL
+

e−iωLt

ωn′n −ωL

)

×
〈
n′l′m′

∣∣ εL · p̂
∣∣ nlm

〉
φn′ l′m′(r)

]
,

(2.23)

where φnlm(r) are the unperturbed eigenfunctions of Ĥat (2.17a) in coordinate space
and |nlm〉 the corresponding state vectors. Moreover we defined ωn′n = En′ − En

where En is the energy of the unperturbed state with principal quantum number
n. However, generally extended over the complete set of eigenfunctions of Ĥat we
restricted the summation in the second term of Eq. (2.23) to the bound states of a
hydrogen like ion.

We can further simplify Eq. (2.23) by making use of the Heisenberg equation of
motion with respect to Ĥat (2.17a) to rewrite the matrix elements in the following
way [40, 41]:〈

n′l′m
∣∣ εL · p̂

∣∣ nlm
〉
= iωn′n

〈
n′l′m′

∣∣ εL · r
∣∣ nlm

〉
. (2.24)

Eq. (2.23) then becomes:

ψ̃nlm(r, t) = e−iEnt

[
φnlm(r)− i

EL

2ωL
∑

n′,l′,m′

(
eiωLt

1 + ωL
ωn′n

+
e−iωLt

1− ωL
ωn′n

)

×
〈
n′l′m′

∣∣ εL · r
∣∣ nlm

〉
φn′ l′m′(r)

]
.

(2.25)

Within the limits of perturbation theory, this wave function is valid for any laser
frequency ωL, if not they are in resonance with an atomic transition. Yet, in the
beginning of this chapter, we have restricted ωL to the visible regime, which allows
us to derive a very simple expression for the laser dressed wave function of the
1s hydrogen ground state. In this case we have n = 1 and the condition ωL �
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10.2 eV ≤ ωn′1 is satisfied, thus we can identify 1 + ωL/ωn′1 ≈ 1. Applying this so
called soft photon approximation we obtain:

ψ̃1s(r, t) = e−iE1t

(
φ100(r)− i

EL

ωL
cos(ωLt) ∑

n′ l′m′

〈
n′l′m′

∣∣ εL · r
∣∣ 100

〉
φn′ l′m′(r)

)
.

(2.26)

Here the summation over the bound states in the second term can be performed
explicitly using:

∑
n′ l′m′

〈
n′l′m′

∣∣ εL · r
∣∣ 100

〉
φn′ l′m′(r) = ∑

n′ l′m′

〈
r
∣∣ n′l′m′

〉 〈
n′l′m′

∣∣ εL · r
∣∣ 100

〉
= 〈r | εL · r | 100〉
=εL · r φ100(r).

(2.27)

Finally we get the following expression for the laser dressed ground state of a
hydrogen like ion in soft photon approximation:

ψ̃1s(r, t) = e−iE1tφ100(r)
(

1− i
EL

ωL
εL · r cos(ωLt)

)
. (2.28)

The first term in parenthesis is the unperturbed hydrogen ground state wave func-
tion, while the second term, dressing term, arises due to the laser dressing of the
ground state. Our perturbative approach is valid as long as this second term is
much smaller than one. Therefore the validity condition reads:

EL

ωL
� 1 (2.29)

where we assumed |r| = a0 to be the typical length scale. As an example for
ωL = 1.17 eV and IL = 1013 W/cm2 we get the ratio EL/ωL ≈ 0.4 and for the same
intensity but ωL = 2.34 eV it is EL/ωL ≈ 0.2.

In the next chapter we will show how wave functions of the kind we derived
up to now can be used to describe atomic processes. Afterwards we will proceed
with explicit calculations for the laser assisted recombination of electrons into the
ground state of hydrogen like ions.



3
S - M AT R I X T H E O RY F O R AT O M I C P R O C E S S E S

Usually atomic processes are understood as the transition from an ingoing state
|ψi〉 that interacts with a potential V̂(t) to an outgoing state 〈ψ f |. It was Heisen-
berg’s idea to use the so called scattering matrix or S-matrix to describe observable
quantities related to such processes. In this chapter we will outline how these ma-
trices and the corresponding observables are constructed.

Imagine a given system whose Hamiltonian splits into a time independent part
Ĥ0 and a time dependent interaction potential V̂(t) such that

Ĥ(t) = Ĥ0 + V̂(t). (3.1)

To derive the S-matrix for the transition from |ψi〉 to 〈ψ f | via the interaction with
V̂(t) it is convenient to express the interaction operator in the Dirac picture:

V̂D(t) = eiĤ0tV̂(t) e−iĤ0t. (3.2)

The S-matrix is then defined as

S f i =

〈
ψ f

∣∣∣∣ T̂ exp
(
−i
∫ ∞

−∞
dt V̂D(t)

) ∣∣∣∣ψi

〉
(3.3)

where T̂ is the Dyson time ordering operator. It is easier to interprete this general
definition of a S-matrix if we expand the exponential term in Eq. (3.3) in a Dyson
series:

S f i =
〈
ψ f
∣∣ 1̂
∣∣ψi
〉
− i
〈

ψ f

∣∣∣∣ ∫ ∞

−∞
dt1 V̂D(t1)

∣∣∣∣ψi

〉
−
〈

ψ f

∣∣∣∣ ∫ ∞

−∞
dt1

∫ t1

−∞
dt2 V̂D(t1)V̂D(t2)

∣∣∣∣ψi

〉
+ . . . .

(3.4)

The addends in this expansion can be understood as different orders of perturba-
tions. The first term in Eq. (3.4) is the no-scattering term, that describes the transi-
tion from the initial to the final state without any interaction. This term vanishes
always unless |ψi〉 = |ψ f 〉. For the special case of V̂(t) being an electromagnetic
vector potential we will develop a more figurative interpretation of the different
perturbative orders below.

15
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3.1 s-matrix formalism of one photon processes

Up to now we gave general expressions and interpretations of the S-matrix for
an arbitrary interaction operator. Moreover we have shown that the S-matrix can
be decomposed into a Dyson series. In this section we will discuss the physical
meaning of this expansion. If the transition between the initial and the final state
|ψi〉 and 〈ψ f | involves the emission or absorption of one or more photons with fre-
quency ωk the interaction operator is given by an electromagnetic vector potential
that reads generally

V̂ph(r, t) = Â(r) e−iωkt + Â†(r) eiωkt, (3.5)

where the first term describes the absorption and the second the emission of a
photon. In our considerations we assume the emitted or absorbed photon to be a
plane wave. In this case we have

Â(r) = −i eik·rεk · ∇, (3.6)

where εk is the polarization and k the momentum of the photon.
Knowing now that (3.5) describes the emission or absorption of one photon we

can interprete the different orders of V̂(t) in Eq. (3.4) as different numbers of
photons that are exchanged during the interaction with V̂(t). The no-scattering
term for example reflects the case where no photon participates in the process. The
second term describes the emission or absorption of one photon as it is the case
in the ordinary photoeffect or radiative recombination. Higher order terms may
represent multi photon processes, for instance above threshold ionization. This
work is attributed to laser assisted radiative recombination where only one photon
is emitted during the process. Therefore we later need to calculate the first order
S-matrix that is

S f i = −i
∫ ∞

−∞
dt
〈
ψ f (r, t)

∣∣ V̂ph(r, t)
∣∣ψi(r, t)

〉
, (3.7)

where we switched to the Schrödinger picture again by acting with the time evolu-
tion operators exp(±iĤ0t) on the state vectors.

3.2 differential and total cross section

As we already indicated, one of the advantages of using S-matrices for the descrip-
tion of atomic processes is their direct relation to the total and differential cross
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section of the process. In order to derive expressions for this relation we first need
to define the so called matrix elementM f i:

S f i = 2πiδ

(
Ni

∑
i

Epi −
N f

∑
i

E′pi

)
M f i, (3.8)

where Ni and N f are the numbers of in- and outgoing particles. Momentum and
energy of the i-th particle are represented by pi and Epi = p2

i /2, respectively. With
regard to LARR we can restrict ourselves to one ingoing and two outgoing parti-
cles, thus Eq. (3.8) reduces to

S f i = 2πiδ
(
Ea − E′a − Eb

)
M f i. (3.9)

With this definition in hand we can use Fermi’s golden rule to write down the
corresponding differential cross sectiondσ given by

dσ =
2π

2Ea pa
δ
(
Ea − E′a − Eb

) ∣∣M f i
∣∣2 d3 p′a

2E′a(2π)3
d3 pb

2Eb(2π)3 . (3.10)

Based on this equation, the total cross section σ can be obtained by integrating over
all degrees of freedom of the outgoing particles:

σ =
∫

p′a

d3 p′a
2E′a(2π)3

∫
pb

d3 pb
2Eb(2π)3

2π

2Ea pa
δ
(
Ea − E′a − Eb

) ∣∣M f i
∣∣2 , (3.11)

where one degree of freedom is already fixed by energy conservation, expressed
by the delta function δ (Ea − E′a − Eb).





4
T H E O RY O F L A S E R A S S I S T E D R A D I AT I V E R E C O M B I N AT I O N

In the previous chapter we have shown how atomic processes can be described
using S-matrices. Moreover we have related these S-matrices to the corresponding
cross sections via Fermi’s golden rule. Having LARR in mind we already refined
the general expressions presented above for the description of one photon pro-
cesses with one ingoing and two outgoing particles. In this chapter we will use
these specialized equations (3.9) and (3.10) to derive analytical expressions for the
differential and total cross section of LARR. We will perform these derivations for
two different kinds of incoming electrons (i) Coulomb-Volkov like solutions (2.19)
and (ii) Volkov-Bessel electrons (2.15).

4.1 laser free radiative recombination

Before we start our discussion of LARR we would like to recall the characteristics
of laser free radiative recombination (RR). We will spend some effort on the details
here because we will later refer to the results obtained in this section.

4.1.1 Geometry

In this paragraph we will briefly explain the geometry we use as a basis for our
description of RR. Fig. 4.1 displays this geometry in the rest frame of the atom
with which the electron recombines. We choose the incident electron momentum
p to lie along the z-axis which is also the quantization axis. The momentum of
the emitted recombination photon k together with p defines the xz-plane. We will
call the angle θk between those two vectors the photon emission angle while the
polarization angle χ defines the direction of the photon polarization εk.

4.1.2 Differential and total cross section

To obtain an expression for the S-matrix and thus the differential and total cross
section of RR we need to specify the in- and and outgoing state. In our study we

19
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Figure 4.1: Geometry of radiative recombination. The z-axis is chosen along the incident
electron momentum p. The xz-plane is defined by p and the momentum vector
of the outgoing photon k. The direction of k is given by its polar angle θk. The
polarization direction of the emitted photon is given by εk and characterized
by the angle χ

will restrict ourselves to the case where a continuum electron (2.18) is captured
into the 1s ground state of a hydrogen like ion given by:

〈r|100〉 = φ100(r) =

√
Z3

π
e−Zr. (4.1)

Recalling that V̂(t) = exp[i(ωkt − k · r)t] describes the emission of one photon
with momentum k and frequency ωk we can now use the definition (3.7) and write
down the S-matrix for the radiative recombination of an electron with momentum
p into the ground state of a hydrogen like ion:

S = −i
∫ ∞

−∞
dt
〈

100
∣∣∣ eiĤatt ei(ωkt−k·r)(εk · ∇) e−iĤatt

∣∣∣ φp

〉
. (4.2)

We can further simplify this equation by applying the dipole approximation for the
emitted photon. In this approximation, that is justified for all examples shown in
this work, the inequality k · r � 1 holds. Therefore we may write:

S =− i
∫ ∞

−∞
dt
〈

100
∣∣∣ ei(E1+ωk−Ei)t(εk · ∇)

∣∣∣ φp

〉
=− 2πiδ(Ei − E1 −ωk)

∫
R3

d3r φ100(r)(εk · ∇)φp(r),
(4.3)

where we made use of the fact the |100〉 as well as |φp〉 is an eigenfunction of the
time evolution operator exp(iĤatt).
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To derive an expression for the differential cross section of RR we need to find
the matrix element MRR(p, Z) of the process. We can read it directly off the S-
matrix shown in Eq. (4.3) above using Eq. (3.9) and find:

MRR(p, Z) = −
∫

R3
d3r φ100(r)(εk · ∇)φp(r). (4.4)

Integrating this equation by parts we obtain:

MRR(p, Z) = − φp(r)φ100(r)
∣∣
∂R3 +

∫
R3

d3r φp(r)(εk · ∇)φ100(r)

=
∫

R3
d3r φp(r)(εk · ∇)φ100(r),

(4.5)

where the arising surface term has vanished in the second line since we require
physical wave functions to be zero at infinity. We can now plug the explicit form
of the wave functions φ100(r) (4.1) and φp(r) (2.18) into Eq. (4.5) and find

MRR(p, Z) = 26π3B(εk · ∇k)I(p, Z, k)
∣∣
k=0 (4.6)

where ∇k is the gradient with respect to the components of k and where we de-
fined B = −2πi

√
2Z5 exp(πZ/2p)Γ(1− iZ/p). The function I(p, Z, k) is the well

known atomic integral

I(p, Z, k) =
∫

R3

d3r
r

ei(p−k)·r
1F1[iZ/p, 1, i(pr− p · r)]

=4π

[
k2 + (Z− ip)2]−i Z

p

[(p− k)2 + Z2]
1−i Z

p

(4.7)

that can be found e.g. in Refs. [42, 43]. After some algebra we obtain an explicit
expression for the matrix element

MRR(p, Z) = B(εk · ep)
p− iZ

(p2 + Z2)2 e−2 Z
p arccot

(
Z
p

)
. (4.8)

Inserting this equation into the general definition of the cross section of a one
photon process (3.10) we obtain the well known Stobbe formula [44] for the cross
section of RR:

dσ1s

dΩk
=

25π

c3

(
Z3

p(Z2 + p2)

)2 e−4 Z
p arccot

(
Z
p

)
1− e−2π Z

p

∣∣εk · ep
∣∣2 , (4.9)

where ep = (0, 0, 1) is the unit vector pointing along the initial electron momentum.
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Eq. (4.9) represents the angle-differential cross section of RR for a certain polar-
ization εk of the emitted recombination photon. If, in contrast, we want to describe
RR assuming that the polarization of the emitted photon is not observed we need
to polarization average the cross section dσ1s/dΩk (4.9). This can be done by mak-
ing use of the relation [42]

∑
εk

∣∣εk · ep
∣∣2 = 1−

∣∣ek · ep
∣∣2 = sin2 θk (4.10)

for the sum over all possible εk. The polarization averaged angle-differential cross
section, which we will call angular distribution, can be then written as:

dσ1s

dΩk
=

25π

c3

(
Z3

p(Z2 + p2)

)2 e−4 Z
p arccot

(
Z
p

)
1− e−2π Z

p
sin2 θk. (4.11)

We immediately see from this equation that the angular distribution has a sin2 θk
shape that forbids the emission of the recombination photon in the forward (θk =

0◦) or backward (θk = 180◦) direction.
Up to now we have derived expressions for the angle-differential cross section

where we either averaged over all possible polarizations of the recombination pho-
ton or fixed εk to a certain direction. But we can invert this situation and, instead
of demanding a certain εk, ask how the emitted recombination radiation is polar-
ized. As a convenient way to mathematically formulate this question we use the so
called Stokes parameters P1 and P2 that characterize the linear polarization of light.
These Stokes parameters are quantities that are experimentally easy to access since
they are closely related to the intensity IΦ of the emitted radiation polarized in the
angle Φ with respect to the xz-plane. This relation is given by the equations

P1 =
I0◦ − I90◦

I0◦ + I90◦
, (4.12a)

P2 =
I45◦ − I135◦

I45◦ + I135◦
. (4.12b)

Theoretically we can obtain P1 and P2 using the relation

IΦ ∝
dσ1s

dΩk

∣∣∣∣
χ=Φ

(4.13)

that tells us that the angle-differential cross section (4.9) with a fixed polarization
angle χ = Φ is proportional to the intensity IΦ.

It is common to represent the linear polarization of light in terms of the polariza-
tion ellipse which is more figurative than P1 and P2. This ellipse is parametrized by
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its eccentricity Plin that quantifies the fraction of the emitted radiation that is lin-
early polarized and the tilt angle χ of its principal axis, which is commonly called
polarization angle, as shown in Fig. 4.1. The quantities Plin and χ are related to the
Stokes parameters via the equations

Plin =
√

P2
1 + P2

2 , (4.14a)

χ =
1
2

arctan
P2

P1
. (4.14b)

If we apply these equations together with Eq. (4.12) to investigate the polariza-
tion of the radiation emitted during the RR process we see immediately from Eq.
(4.9) that the parameter P2 vanishes, while P1 = 1, always. Physically this means
that in RR the emitted radiation is completely linearly polarized (Plin = 1) within
the xz-plane (χ = 0). We will see later that the irradiation of the system "electron-
nucleus" with an external laser will lead to a more complicated yet interesting
behaviour of Plin and χ than in the case of RR.

Finally we can obtain the total cross section σ1s of RR from the angle-differential
cross section by integrating Eq. (4.11) over all directions Ωk of the photon emission.
Thus we arrive at

σ1s =
28π2

3c3

(
Z3

p(Z2 + p2)

)2 e−4 Z
p arccot

(
Z
p

)
1− e−2π Z

p
. (4.15)

In this equation we see that σ1s can be expressed as a function of Z/p. Therefore
it does not change if the ratio between the nuclear charge and the initial electron
momentum is kept constant.

4.2 laser assisted radiative recombination

Having recapitulated the properties of RR, in this section we will derive expres-
sions for the angle-differential and total cross section of LARR. We will discuss
the laser assisted recombination of two types of incident electrons. For incoming
SCV electrons (2.19) we will obtain expressions for the angle-differential and total
cross section and moreover the Stokes parameters of the emitted recombination
radiation. In our discussion of LARR with incident Volkov-Bessel electrons (2.15)
we will restrict ourselves to the derivation of the angle-differential cross section.
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Figure 4.2: Geometry of laser assisted radiative recombination. The z-axis is chosen along
the incident electron momentum p. The xz-plane is defined by p and the mo-
mentum vector of the outgoing photon k whose direction is defined by its polar
angle θk. The polarization direction of the emitted photon is given by εk and
characterized by the angle χ while the polarization direction of the external
laser εL is defined by two angles θL and ϕL.

4.2.1 Geometry

Due to the external laser the geometry of LARR is similar but slightly more com-
plicated than the one of RR (cf. Fig. 4.1). In Fig. 4.2 we show this geometry again
in the rest frame of the atom, where in analogy to Fig. 4.1 the xz-plane is defined
by the momentum vectors of the incident electron p and the emitted photon k.
The direction of the photon emission is given by the angle θk while its polarization
direction εk is defined by the angle χ. We characterize the direction of the external
laser by its polarization direction εL characterized by the angles θL and φL.

4.2.2 Laser assisted capture of Coulomb-Volkov electrons

Making use of the results obtained for RR (cf. Sec. 4.1) in this section we shall de-
rive analytical expressions for the cross section of the laser assisted recombination
of SCV electrons (2.19) into the 1s ground state of a hydrogen like ion. In order to
arrive at these expressions we need to evaluate the S-matrix (3.7), where the initial
state is given by Eq. (2.19) and the final state is given by the laser dressed bound
state as shown in Eq. (2.28). Generally we find:

SSCV = −i
∫ ∞

−∞
dt
〈

ψ̃1s(r, t)
∣∣∣ ei(ωkt−k·r)(εk · ∇)

∣∣∣ χ̃SCV
p (r, t)

〉
. (4.16)
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Again we employ the dipole approximation (k · r � 1) for the emitted photon and
obtain:

SSCV =− i
∫ ∞

−∞
dt
∫

R3
d3r

[
ei(E1−Ei+ωk)tφ100(r)(εk · ∇)φp(r)

×
(

eiαL(t)·p + i
EL

ωL
(εL · r) cos(ωLt) eiαL(t)·p

)]
.

(4.17)

The time integration in the equation above can be performed by making use of the
explicit form of αL(t) and the Jacobi-Anger expansion and its first derivative with
respect to t:

eiκ sin(ωLt) =
∞

∑
N=−∞

JN(κ) eiNωLt, (4.18a)

cos(ωLt) eiκ sin(ωLt) =
1
κ

∞

∑
N=−∞

NJN(κ) eiNωLt, (4.18b)

where we defined the abbreviation κ = EL(εL · p)/ω2
L. So the time integrated S-

matrix can be written in the form

SSCV = 2πi
∞

∑
N=−∞

δ(E1 − Ei + ωk − NωL)MSCV
N (EL, εL, p, Z) (4.19)

where the delta function provides for energy conservation which allows us to in-
terpret the photon number N as the number of laser photons absorbed (N > 0) or
emitted (N < 0) by the recombining electron during the interaction with the exter-
nal laser. Thus the S-matrix decomposes into an infinite number of partial matrix
elements MSCV

N (EL, εL, p, Z) each corresponding to a particular number N of ex-
changed laser photons. These partial matrix elements can be written as a sum of
two constituent matrix elementsMRR(p, Z) andMdr(p, Z):

MSCV
N (EL, εL, p, Z) = JN(κ)

(
MRR(p, Z) +

NωL

εL · p
Mdr(p, Z)

)
. (4.20)

The first constituent matrix elementMRR(p, Z) is the matrix element of laser free
recombination (4.8) which we already derived in Sec. 4.1. Mdr(p, Z) in contrast
has its origin in the dressing contribution to the bound state wave function (2.28).
It can be obtained analog to the calculation ofMRR starting with the integral

Mdr(p, Z) =
∫

R3
d3r (εL · r)φ100(r)(εk · ∇)φp(r)

=−
∫

R3
d3r φp(r)(εk · ∇) [(εL · r)φ100(r)] ,

(4.21)



26 theory of laser assisted radiative recombination

where we note that again the surface term vanished after integration by parts. The
second line of the equation above can be written in a form very similar to Eq. (4.8):

Mdr(p, Z) = −i26π3B(εL · ∇k)(εk · ∇k)I(p, Z, k)
∣∣
k=0 . (4.22)

Performing the derivations with respect to the components of k we obtain the
explicit form ofMdr(p, Z) that reads

Mdr(p, Z) = B
(
(εL · εk)− 2(εL · ep)(εk · ep)

2p2 − ipZ
Z2 + p2

)
e−2

(
Z
p−2i

)
arccot

(
Z
p

)
p(p− iZ)3 .

(4.23)

We will use this expression as well as Eq. (4.8) to express the differential and total
cross section of LARR. The photon number interpretation of the expansion index
N will allow us to relate the partial matrix elementsMSCV

N to the angle-differential
cross section of LARR for the emission of a recombination photon with a particular
energy.

4.2.2.1 Angle-differential cross section

From the expression we derived for the partial matrix element (4.20) we can de-
fine the angle-differential partial cross section dσSCV

N /dΩk via Eq. (3.10). Physically
dσSCV

N /dΩk is the cross section for the recombination of an SCV electron that ex-
changes N photons with the external laser field and recombines into the ground
state of a hydrogen like ion. Under the assumption that the polarization of the
emitted recombination radiation is not observed we sum over all possible εk and
obtain for the angle-differential partial cross section using the definition (3.10):

dσSCV
N

dΩk
=

4π2

c3 p
ωk(N)∑

εk

∣∣∣MSCV
N (EL, εL, p, Z)

∣∣∣2 (4.24)

where the frequency ωk(N) of the recombination photon is given by the conserva-
tion law:

ωk(N) = Ei − E1 + NωL. (4.25)

Since ωk(N) has to be positive, this equation defines a lower limit Nmin for the
photon number due to energy conservation:

N ≥ Nmin =

⌈
E1 − Ei

ωL

⌉
. (4.26)



4.2 laser assisted radiative recombination 27

The angle-differential partial cross section shown in Eq. (4.24) allows us to cal-
culate two important quantities. First the angular distribution of recombination
photons with a certain frequency ωk(N) and second their energy distribution ob-
served under a certain angle θk which we will call the spectrum of the emitted
photons.

4.2.2.2 Total cross section

We can use the expression for the angle-differential cross section dσSCV
N /dΩk (4.24)

shown above to calculate the corresponding total cross section σSCV . By integrating
Eq. (4.24) over all directions of the photon emission Ωk and summing over all
possible photon numbers N from Nmin to infinity we obtain:

σSCV =
4π2

c3 p

∞

∑
N=Nmin

∑
εk

∫
dΩk ωk(N)

∣∣∣MSCV
N (EL, εL, p, Z)

∣∣∣2 . (4.27)

Generally the sum over N is semi infinite, but not all terms contribute equally
to the total cross section σSCV (4.27). In fact there is a cut-off photon number Ncut

beyond which dσSCV
N /dΩk drops to zero exponentially. To identify the value of Ncut

we follow Ref. [45] and perform a stationary phase analysis of the time dependent
phase f (t) in Eq. (4.17):

f (t) = (E1 − Ei + ωk)t + αL(t) · p. (4.28)

We assume that those terms where f (t) is stationary contribute most to the S-
matrix. Therefore we require:

d f (t)
dt

= E1 − Ei + ωk +
EL

ω2
L
(εL · p) cos(ωLt) = 0. (4.29)

This equation can be reshaped into the inequality∣∣∣∣ωk − Ei + E1

ωL

∣∣∣∣ = ∣∣∣∣ EL

ω2
L
(εL · p) cos(ωLt)

∣∣∣∣ ≤ EL

ω2
L

p. (4.30)

Together with the conservation law (4.25) this allows us to calculate the cut-off
photon number as

Ncut =

⌈
EL

ω2
L

p
⌉

. (4.31)

The sharp decay of the partial cross section for photon numbers beyond Ncut justi-
fies the formal extension of the summation over N in Eq. (4.27) to negative infinity
if Ncut < |Nmin|. This possibility will later allow us to derive explicit parametriza-
tions of the total cross section in terms of the laser intensity IL and frequency ωL.
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4.2.2.3 Polarization of the emitted photons

The polarization of the emitted recombination radiation produced by means of
LARR can be characterized in the same way as we discussed in Sec. 4.1. The in-
tensity IΦ,N(θk) of the emitted radiation with polarization angle Φ observed under
the angle θk with a certain energy determined by N is proportional to the angle-
differential partial cross section dσSCV

N /dΩk

IΦ,N(θk) ∝
4π2

c3 p
ωk(N)

∣∣∣MSCV
N (EL, εL, p, Z)

∣∣∣2∣∣∣∣
χ=Φ

, (4.32)

where, in contrast to Eq. (4.24), we do not sum over all possible εk but project on
a fixed polarization direction χ = Φ. In addition we define the energy averaged
intensity

IΦ(θk) =
∞

∑
N=Nmin

IΦ,N(θk), (4.33)

which describes the intensity of the emitted recombination radiation under a cer-
tain angle θk with a fixed polarization angle Φ assuming that the energy of the
recombination photons is not observed.

Inserting Eq. (4.32) into Eq. (4.12) we can, using Eq. (4.14), define the degree and
direction of linear polarization Plin,N(θk) and χN(θk) of the emitted recombination
radiation with a fixed energy and direction. Moreover we can use Eq. (4.33) to
obtain Plin(θk) and χ(θk), being the polarization parameters for the case that the
energy of the emitted photons is not measured.

4.2.3 Laser assisted capture of Volkov-Bessel electrons

Up to now we discussed the capture of a SCV electron into the ground state of
a hydrogen like ion. These SCV electrons behave like a plane wave in the limit
of infinite distance between them and the parent atomic nucleus. Volkov-Bessel
electrons (2.15) in contrast have a special spacial structure as presented in Fig. 2.1.
We will show below how the angle-differential cross section for the laser assisted
recombination of such electrons can be obtained. In order to make these results
comparable to our calculations for the recombination of SCV electrons, we consider
again the capture into the dressed ground state ψ̃1s(r, t) (2.28).

First of all we have to note that calculating the S-matrix for LARR using Eq.
(2.15) to describe the incident electron comes with a price. We namely neglected
the influence of the nucleus on the electron in our derivation of the Volkov-Bessel
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wave function χ̃VB
p (r, t) (2.15), i.e. we applied another approximation beyond what

we did in our discussion of SCV electrons. Jaroń et al. [19] however have shown
that neglecting the Coulomb field of the nucleus is a suitable approximation for
high electron energies and high laser intensities. Moreover they found that the
qualitative behaviour of their results does not change even for lower energies Ei.

Having the reduced validity of the wave function χ̃VB
p (r, t) (2.15) in mind we can

obtain the S-matrix of LARR for an incident Volkov-Bessel electron by inserting
Eqs. (2.11) and (2.28) into Eq. (3.7). It reads in dipole approximation:

SVB =− i
∫ ∞

−∞
dt
〈

ψ̃1s(r, t)
∣∣∣ eiωkt(εk · ∇)

∣∣∣ χ̃VB
p (r, t)

〉
=
∫ ∞

0
dp⊥

∫ 2π

0
dϕp δ(p⊥ −κ)p⊥

eilϕp

2πilκ
SV ,

(4.34)

where SV is the S-matrix for the laser assisted capture of a single Volkov electron
(2.9). It is noteworthy that the SVB (4.34) is obtained by superimposing S-matrices
for plane-wave-like incident electrons SV in the same way we integrated over
plane-wave-like wave functions to obtain the Volkov-Bessel state (cf. Eq. (2.15)).

The S-matrix SV for the recombination of a single Volkov electron takes a form
similar to Eq. (4.17):

SV = 2πi
∞

∑
N=−∞

δ(E1 − Ei + ωk − NωL)MV
N(EL, εL, p, Z), (4.35)

where the partial matrix element MV
N(EL, εL, p, Z) again splits up into two con-

stituent matrix elements in the same way as shown in Eq. (4.20). With the relations
given in Ref. [35] we obtain the closed form of these matrix elements:

MV
RR(p, Z) =

2
π

√
2Z5 εk · p,

(p2 + Z2)2 (4.36a)

MV
dr(p, Z) =i

23

π

√
2Z5 (εL · p)(εk · p)

(p2 + Z2)2 . (4.36b)

Here MV
RR(p, Z) again characterizes the laser free RR, while MV

dr(p, Z) describes
the contribution to the matrix elementMV

N(EL, εL, p, Z) that arises due to the laser
dressing of the bound state.

To get an explicit expression for the S-matrix SVB (4.34) shown above in a general
shape, we need to perform the integration over the transverse electron momentum
p⊥. The integration over the radial component p⊥ is readily performed by taking
SV (4.35) at p⊥ = κ, while we integrate numerically over the azimutal angle ϕp.
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Eventually the partial matrix element for the recombination for a Volkov-Bessel
electron can be written as:

MVB
N (EL, εL, p, Z) =

∫ 2π

0
dϕp

eilϕp

2πil M
V
N(EL, εL, p, Z)

∣∣∣
p⊥=κ

. (4.37)

Because of the spatial structure of the incident Volkov-Bessel electron this equa-
tion is not general. It describes the recombination process for a single target ion
placed in the center of the incoming electron beam. To describe LARR for arbi-
trary distances between the target ion and the beam axis we have to parallel shift
the Volkov-Bessel electron beam along a vector b⊥ away from the z-axis. We com-
monly call b⊥ impact paramter. The parallel shift is performed by acting with the
translation operator exp (b⊥ · p̂) on the wave function of the initial Volkov-Bessel
electron. Because the wave function χ̃VB

p (r, t) is an eigenfunction of the momentum
operator p̂ with eigenvalue p we obtain for the S-matrix SVB for a non-zero impact
parameter:

SVB(b⊥) =
∫ ∞

0
dp⊥

∫ 2π

0
dϕp δ(p⊥ −κ)p⊥

eilϕp

2πilκ
eib⊥·pSV , (4.38)

with the corresponding matrix element

MVB
N (b⊥, EL, εL, p, Z) =

∫ 2π

0
dϕp

eilϕp

2πil eib⊥·p MV
N(EL, εL, p, Z)

∣∣∣
p⊥=κ

. (4.39)

We will later use the expressions above to describe the laser assisted recombination
of Volkov-Bessel electrons with targets that are much larger than the diameter of
the incident electron beam. For that purpose we will perform an integration over
the impact parameter to account for the interaction between the electron and the
whole target.

4.2.3.1 Angle-differential cross section

We can calculate the angle-differential cross section of LARR for the case of an
incident Volkov-Bessel electron in analogy to Eq. (4.24) using Eqs. (4.34) and (4.38).
For b⊥ = 0 we find the angle-differential partial cross section

dσVB
N

dΩk
=

∣∣∣∣∫ 2π

0
dϕp

eilϕp

2πil M
V
N(EL, εL.p, Z)

∣∣∣
p⊥=κ

∣∣∣∣2 . (4.40)

If in contrast we assume that the target is a dilute target (i.e. there is no interaction
between the target atoms) much larger than the extent of the incoming electron
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beam we have to integrate over the impact parameter b⊥. Thus for the target aver-
aged angle-differential partial cross section we find:

dσVB
N

dΩk
=
∫

R2
d2b⊥

∫ 2π

0
dϕp

∫ 2π

0
dϕ′p

eil(ϕp−ϕ′p)

4π2 eib⊥·(p−p′)

× MV
N(EL, εL, p, Z)

∣∣∣
p⊥=κ

MV
N(EL, εL, p′, Z)∗

∣∣∣
p′⊥=κ

,
(4.41)

where the integration over the impact parameter can be directly performed result-
ing in a factor 2πδ(3)(p− p′). Therefore the target averaged cross section can be
written as

dσVB
N

dΩk
=
∫ 2π

0

dϕp

2π

∣∣∣∣MV
N(EL, εL, p, Z)

∣∣∣
p⊥=κ

∣∣∣∣2 . (4.42)

The equation above shows that the target averaging wipes out all dependencies on
the orbital angular momentum l of the incident electron. This is an effect that has
been already seen in previous works for the interaction of atomic systems with
twisted electrons [35] and similarly for twisted photons [46, 47]. If the energy of
the emitted recombination photon is not observed we obtain the N-independent
angle-differential cross section dσVB/dΩk in analogy to Eqs. (4.27) and (4.33) by
summing over all possible photon numbers.





5
R E S U LT S A N D D I S C U S S I O N

In chapter 4 we developed a theory do describe the laser assisted recombination of
an electron into the ground state of a hydrogen like ion. There we considered two
different wave functions for the incident electrons. First an approximate solution
of the TDSE with Hamiltonian (2.16) describing an electron in the superposition of
the atomic potential and the vector potential of the external laser. And secondly we
superimposed Volkov wave functions (2.9) in such a way that the resulting Volkov-
Bessel wave function (2.15) has a certain orbital angular momentum and a Bessel-
like intensity profile. For both types of incident electrons we derived expressions
for the angle-differential cross section and in the case of an incoming Coulomb-
Volkov electron (2.19) we moreover got the total cross section. And were able to
describe the polarization of the emitted recombination photons. In this chapter we
will first discuss results for the differential and total cross section of LARR where
the incoming electron is described by a SCV wave function (2.19) and afterwards
we will compare these findings with calculations performed for incident Volkov-
Bessel electrons.

5.1 recombination of coulomb-volkov electrons

In this section we will discuss the laser assisted recombination of SCV continuum
electrons (2.19) into the ground state of hydrogen like ions, described by a pertur-
batively laser dressed bound state wave function (2.28). We will focus our study
on the influence of the laser parameters on the cross section of LARR and on the
effects arising due to the laser dressing of the bound state.

5.1.1 Angular and energy distribution of the emitted photons

We start our discussion of LARR for incident SCV electrons with results for the
angle-differential partial cross section dσSCV

N /dΩk (4.24). From dσSCV
N /dΩk (4.24)

we can calculate the energy distribution of the emitted recombination photons
by fixing the photon emission angle θk and calculating dσSCV

N /dΩk as a discrete
function of the recombination photon energy ωk(N) (4.25). We will refer to this
discrete function as the spectrum of the recombination photons. Fig. 5.1 shows this

33
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Figure 5.1: Energy distribution of the emitted recombination photons for Z = 1 and two
different initial electron energies Ei = 100 eV (left panel) and Ei = 400 eV (right
panel) and two laser photon energies ωL = 1.17 eV (black solid lines) and
ωL = 2.34 eV (blue dashed lines). The calculations have been performed for
a laser with intensity and polarization IL = 1013 W/cm2 and θL = ϕL = 0◦,
respectively. The photon emission angle is fixed to θk = 45◦.

spectrum for two incident electron energies Ei = 100 eV (left panel) and Ei = 400 eV
(right panel) and two laser photon energies ωL. The laser polarization is chosen
parallel to the direction of the incident electron (θL = φL = 0). Although the
spectrum is discrete and only defined at the energies ωk(N) (4.25), we plot our
results as lines to guide the eye. In the case of laser-free radiative recombination
the emitted photons are monochromatic and their energy is given by the energy
conservation law ωk = Ei− E1. As seen in Fig. 5.1 this is not the case if the electron
and the ion are exposed to an external laser. The spectrum of photons emitted
during the process of LARR has a plateau-like shape with sharp cut offs giving
the spectrum a well defined width. The loci of these cut offs are given by Eq.
(4.25) at N = ±Ncut, where the cut off photon number Ncut is shown in Eq. (4.31).
Comparing both panels of Fig. 5.1 we see that the spectrum is very sensitive to the
incident electron energy Ei. For higher Ei the width of the spectrum is increased,
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Figure 5.2: Angle-differential partial cross section (4.24) for the laser assisted recombina-
tion of a Ei = 100 eV electron and a hydrogen nucleus (Z = 1) as a function of
the recombination photon energy ωk(N). The calculations have been performed
for a photon emission angle θk = 45◦ and a laser polarization θL = ϕL = 0◦.
The laser parameters are }ωL = 1.17 eV, IL = 1012 W/cm2 (left panel) and
IL = 1013 W/cm2 (right panel). The black solid lines represent the full calcula-
tions, the blue dashed lines refer to the results where the dressing of the target
bound states is neglected.

while the probability of the process as whole is suppressed. An increasing laser
photon energy ωL has the reverse effect, which we can also deduce from Eq. (4.31).

We have seen that the spectrum of LARR is strongly affected by the external
laser. Below we will isolate the effects on the spectrum that arise from the influ-
ence of the external laser on the residual bound state. Therefore we recall that the
constituent Matrix element Mdr(p, Z) (4.23) originates only from the bound state
dressing. Therefore it is straightforward to obtain results for undressed bound
states by setting Mdr(p, Z) = 0. Fig. 5.2 shows such results for the recombina-
tion of a Ei = 100 eV electron into the ground state of hydrogen, obtained under
the assumption that the final bound state is not influenced by the external laser.
For comparison the corresponding full calculations are shown. The results have
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Figure 5.3: Angle-differential partial cross section (4.24) for the laser assisted recombina-
tion of a Ei = 15 eV electron and a hydrogen nucleus (Z = 1) as a function
of the photon emission angle θk. The calculations have been performed for
two directions of the laser polarization θL = 110◦ (left panel) and θL = 170◦

(right panel) in a coplanar setup (ϕL = 0◦) and two different photon numbers
N = −2 (blue dashed lines) and N = 2 (black solid lines). The laser parameters
are }ωL = 2.34 eV and IL = 1013 W/cm2.

been obtained for two different laser intensities IL = 1012 W/cm2 (left panel) and
IL = 1013 W/cm2 (right panel) and the laser photon energy }ωL = 1.17 eV. The pho-
ton emission angle is fixed to θk = 45◦ and the laser polarization is chosen parallel
to the quantization (z-) axis. We see in Fig. 5.2 that the "dressed" and "undressed"
results indeed have the same spectral width but nevertheless a qualitatively differ-
ent shape. The spectra obtained for undressed bound states are symmetric around
the field-free recombination photon energy, where N = 0. The slight increase of
dσSCV

N /dΩk towards higher values of ωk(N) arises due to the prefactor ωk(N) in
Eq. (4.24). The calculations with dressed bound state wave functions, in contrast,
exhibit a strong asymmetry, especially for the outer sidebands of the spectrum,
where the photon number N is large. This can be explained by the fact that the
contribution of Mdr(p, Z) increases with N, therefore the asymmetries are the
strongest for large photon numbers. But these strong asymmetries can only be ob-
served if the intensity of the external laser is sufficiently high because otherwise
sidebands corresponding to larger photon numbers are not visible (cf. Eq. (4.31)).

Up to now we have discussed the spectrum of the emitted recombination pho-
tons where we fixed the direction of the photon emission. We can turn the situa-
tion and calculate the angular distribution of the recombination photons given by
dσSCV

N /dΩk as a function of θk but now for a fixed recombination photon energy
ωk(N). In case of laser free RR this angular distribution is proportional to sin2 θk
and hence symmetric around θk = 90◦ (cf. Sec. 4.1). In Fig. 5.3 we see that for the
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case of LARR dσSCV
N /dΩk still has a shape similar to sin2 θk but the maximum is

shifted away from θk = 90◦. This asymmetric shift becomes the larger the more the
laser polarization deviates from the direction of the incident electron momentum
p, the cross section however is decreased in that case. We can interpret this from a
classical point of view. If the electron interacts with a laser field it gets accelerated
along the direction of the laser polarization. Therefore its propagation direction
at the moment of recombination differs from p which is reflected in a shift of the
emission maximum of the angular distribution. As seen from the figure, the direc-
tion of the shift depends on the sign of the photon number N. Moreover we find
that absorbing a certain number of photons decreases the cross section while emit-
ting the same number of photons makes the recombination more probable. This is
an observation that can be made similarly already in the laser-free RR case, where
the cross section is increased for lower incident electron energies.

Besides the influence of the laser polarization direction on the angular distri-
bution in Fig. 5.4 we will compare again results obtained for the case where we
neglected the laser influence on the residual bound state (dashed lines) with cal-
culations where we did not (solid lines). As seen from the figure the emission
pattern of the recombination photons is symmetric around θk = 90◦ if the bound
state dressing is not taken into account. This behaviour is easily understood by
settingMdr(p, Z) = 0 in Eq. (4.20). The LARR cross section depends then only on
the RR matrix elementMRR(p, Z) weighted with a Bessel function. Therefore the
shape of the angular distribution is not altered by the external laser if the bound
state dressing is neglected. A different angular behaviour occurs if Mdr(p, Z) is
included in the calculations. In that case additional angular dependent terms con-
tribute to the angular distribution leading to an asymmetric shift as already seen
in Fig. 5.3. Due to the prefactor of Mdr(p, Z) in Eq. (4.20) this shift becomes the
larger the more photons are exchanged between the electron and the laser field.
The visibility of large asymmetries however, corresponding to large N, is again
restricted by the cut off Ncut. In order to observe considerable shifts of the angular
distribution therefore either IL or Ei have to be sufficiently high.

5.1.2 Polarization of the emitted radiation

In Ch. 4 we have already seen that the angle-differential cross section can be used
to calculate the polarization of the emitted recombination radiation. For the case
of laser free RR this radiation is completely linearly polarized within the xz-plane
due to the planar symmetry of the process (cf. Sec. 4.1). If we consider LARR
instead of RR this symmetry is broken by the external laser field and we therefore
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Figure 5.4: Angle-differential partial cross section (4.24) for the laser assisted recombina-
tion of a Ei = 15 eV electron into the ground state of hydrogen (Z = 1) as a
function of the photon emission angle θk. The assisting laser has an intensity
of IL = 1013 W/cm2 and a laser photon energy }ωL = 2.34 eV. Its polariza-
tion angles are θL = 60◦ and φk = 0◦. Results are shown for four different
recombination photon energies; in the upper row h̄ωk(N = −1) = 26.27 eV
(left panel) and h̄ωk(N = 1) = 30.95 eV (right panel) while in the lower row
h̄ωk(N = −4) = 19.25 eV (left panel) and h̄ωk(N = 4) = 37.97 eV (right panel).
In all panels we show in comparison results including (black solid lines) and
omitting (blue dashed lines) the bound state dressing.

expect that the polarization of the emitted radiation is sensitive to the direction of
the laser polarization.

Fig. 5.5 shows the degree of linear polarization Plin (upper row) and the polar-
ization angle χ (lower row) as a function of the azimutal laser polarization angle
ϕL for two incident electron energies Ei = 50 eV (left column) and Ei = 100 eV
(right column). The calculations have been performed for a fixed photon emission
angle θk = 175◦ and three different polar laser polarization angles θk = 30◦ (black
solid lines), θk = 60◦ (blue dashed lines) and θk = 90◦ (red dotted lines). All results
are obtained under the assumption that the energy of the emitted photons is not
observed. In Fig. 5.5 we see that the recombination radiation is completely linearly
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Figure 5.5: Degree of linear polarization Plin (upper row) and polarization angle χ (lower
row) of the radiation emitted during the recombination of Ei = 50 eV (left
column) and Ei = 100 eV (left column) electrons into the 1s state of a hydrogen
nucleus (Z = 1) as a function of the azimutal laser polarization angle ϕL. The
laser parameters are IL = 1013 eV and ωL = 2.34 eV. The calculations have been
performed for a fixed photon emission angle θk = 175◦ and three different
polar laser polarization angles θL = 30◦ (black solid lines), θL = 60◦ (blue
dashed lines) and θL = 90◦ (red dotted lines).

polarized (Plin = 1) within the xz-plane (χ = 0) if the geometry of the process
is coplanar, i.e. if the laser is polarized within the xz-plane. This is the same be-
haviour we would expect from laser free radiative recombination. However, if the
laser polarization is rotated out of the xz-plane the emitted recombination radia-
tion depolarizes to a minimal value at ϕL = 90◦. This minimum becomes the more
pronounced, the more the polar laser polarization angle θL approaches 90◦. The
polarization angle χ is also affected by the variation of ϕL. In contrast to the case
of RR, where χ is always zero it can reach values of more than χ = 20◦ for LARR.
Moreover it can be seen from Fig. 5.5, that the effect of the external laser on the po-
larization of the recombination radiation becomes weaker if the incident electron
energy is increased. While the radiation can depolarize to less than Plin = 0.2 for
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Figure 5.6: Polarization angle χN of the emitted recombination radiation as a function
of the recombination photon energy h̄ωk(N). The calculations have been per-
formed for Z = 1 and a IL = 1013 W/cm2 laser with ωL = 1.17 eV. The direction
of the laser polarization is given by θL = 60◦ and ϕL = 90◦. In both panels re-
sults are shown for three different photon emission angles θk = 90◦ (black solid
lines), θk = 20◦ (blue dashed lines) and θk = 5◦ (red dotted lines). The left panel
shows results for Ei = 100 eV while in the right panel Ei = 400 eV.

Ei = 50 eV the minimal degree of linear polarization for Ei = 100 eV is Plin = 0.5.
A similar observation can be made for the polarization angle χ. It reaches χ = 20◦

for Ei = 50 eV but only χ = 10◦ for Ei = 100 eV.
The results shown in Fig. 5.5 illustrated how the polarization of the emitted

recombination radiation depends on the polarization direction of the external
laser. But in addition to that in the previous section we have seen that the angle-
differential partial cross section dσSCV

N /dΩk of LARR may also strongly depend
on the energy of the emitted photon parametrized by the number N of exchanged
laser photons. As the polarization angle χN is calculated from this cross section
we also expect a dependence here. Therefore in Fig. 5.6 we show χN as a function
of the recombination photon energy }ωk(N) for two incident electron energies
Ei = 100 eV (left panel) and Ei = 400 eV (right panel). The calculations have been
performed for a fixed direction of the laser polarization θL = 60◦ and ϕL = 90◦ and
three photon emission angles θk = 90◦ (black solid lines), θk = 20◦ (blue dashed
lines) and θk = 5◦ (red dotted lines). However, the results are discrete again we
show a continuous line to guide the eye. Again we see from Fig. 5.6 that the effect
of the external laser on the polarization of the emitted recombination radiation is
weaker if the energy of the incident electron is increased. Moreover the direction
of polarization rotates depending on the number of exchanged laser photons. The
rotation becomes the larger the more photons are exchanged with the laser field,
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i.e. the larger N is. For a decreasing photon emission angle θk the polarization an-
gle can even exceed χ = −65◦. This is an observation that has been made similarly
in the process of laser assisted Compton scattering [45], where the authors found
that the Stokes parameter P2 varies with increasing N.

5.1.3 Total cross section: Energy, frequency and intensity scaling

Up to now we have discussed the differential cross section of LARR and, as a re-
lated quantity, the polarization of the emitted recombination radiation. We have
seen that the differential partial cross section is very sensitive to the photon num-
ber N. As the maximal photon number Ncut (4.31) depends on the initial electron
energy Ei, the laser frequency ωL and the laser electric field strength EL (and thus
the laser intensity IL), we expect differences between the total cross section of RR
and LARR as a function of these quantities. The considerations below will focus
on this comparison between the laser free and the laser assisted process.

Before we discuss numerical results we briefly look again at the analytical for-
mula for the total LARR cross section σSCV as shown in Eq. (4.27). For all scenarios
discussed below the condition Ncut < |Nmin| is satisfied so we can, in a very good
approximation, extend the summation over the photon number N to negative in-
finity. In this case the infinite sum in Eq. (4.27) converges to the following relations:

∞

∑
N=−∞

J2
N(κ) = 1, (5.1a)

∞

∑
N=−∞

N2J2
N(κ) =

κ2

2
, (5.1b)

∞

∑
N=−∞

N2j+1J2
N(κ) = 0 for j ∈N0. (5.1c)

(5.1d)

The total cross section can be written then in the following form:

σSCV =
4π2

c3 p ∑
εk

∫
dΩk

{
(Ei − E1)|MRR|2

+
E2

L
2ω2

L

[
(Ei − E1)|Mdr|2 + (εL · p)Re(M∗

RRMdr)
]}

.

(5.2)

This equation splits into three terms. The first term is the total cross section σ1s

of laser free RR as shown in Eq. (4.15). The other two terms share the prefactor
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Figure 5.7: Total cross section for laser assisted radiative recombination into the ground
state of a hydrogen-like ion as a function of the laser intensity IL for ωL =
1.17 eV and three different nuclear charges (Z = 1: blue solid line; Z = 2; red
dashed line; Z = 3: green dotted line). The initial electron energy is normalized
with respect to the nuclear charge such that Ei/Z2 = 10 eV (left panel) and
Ei/Z2 = 20 eV (right panel). The laser polarization is given by θL = 90◦ and
ϕL = 0◦. For comparison the laser free case, respectively the result obtained
with an undressed bound state wave functions is shown (black dash-dotted
line).

E2
L/(2ω2

L) that sets the parametric scaling of σSCV . While the second term is the
module squared of the dressing matrix element Mdr the contributions of RR and
laser dressing are mixed in the last addend. The influence of this mixing on σSCV

depends on the direction of the laser polarization and vanishes completely if εL

is perpendicular to p. Of course equation (5.2) shows the proper behaviour in the
limit vanishing field strength EL → 0 and reduces to the cross section of laser free
RR. But there is a second limit with the identical result. If we set Mdr = 0 all
dependencies on the external laser field vanish and σSCV (5.2) turns into σ1s (4.15).
Therefore all influence of the external laser on the total cross section of LARR
origins from the laser dressing of the final bound state.

In addition to its RR and non-dressing limit we can see from Eq. (5.2) that the
total cross section scales quadratically with the laser electric field amplitude EL and
therefore linearly with the intensity IL. This behaviour can be also seen in Fig. 5.7,
where we show the laser free ("undressed") cross section in comparison to the total
cross section σSCV as a function of the laser intensity IL for three different nuclear
charges Z. Moreover we present the results that we obtained with the aid of Eq.
(4.27), for two sets of initial electron energies Ei = 10 eV · Z2 and Ei = 20 eV · Z2.
This normalization of Ei with respect to Z is applied to separate off the Z-scaling of
the laser free RR cross section σ1s (4.15) which is solely defined by the Sommerfeld
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Figure 5.8: Total cross section for the laser assisted radiative recombination of a Ei = 20 eV
electron into the ground state of a hydrogen (Z = 1) ion as a function of
the laser frequency ωL and IL = 1013 W/cm2. The calculations have been per-
formed for φL = 0◦ and three different polar laser polarization angles θL = 90◦

(blue solid line), θL = 60◦ (red dashed line) and θL = 45◦ (green dotted line).
For comparison the laser free case, respectively the result obtained with un-
dressed bound state wave functions is shown (black dash-dotted line).

parameter ν =
√

Z2/(2Ei) and, hence, does not change if Ei/Z2 is kept constant.
Therefore all deviations between the results for different Z shown in Fig. 5.7 arise
due to the external laser and in particular the dressing of the residual bound state.
We see in Fig. 5.7 that the slope σSCV as a function of IL becomes smaller if Z is
increased. This occurs due to the stronger binding of the electron in the ground
state of the hydrogen like ion for higher Z. Moreover it can be seen again that the
influence of the external laser is reduced if the incident electron energy is higher.

The second parametric dependence of the total cross section, that can be read off
Eq. (5.2) is the scaling of σSCV with ωL. This dependence is shown in Fig. 5.8 where
we calculated σSCV as a function of ωL for three different polar laser polarization
angles θL and ϕL = 0. Our calculations performed with the aid of Eq. (4.27) reflect
the expected scaling of the total cross section with the inverse square of the laser
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Figure 5.9: Total LARR cross section for the recombination into the ground state of a
hydrogen-like ion as a function of the initial electron energy Ei. The calcula-
tions have been performed for IL = 1013 W/cm2, ωL = 1.17 eV, θL = 90◦ and
ϕL = 0◦. We show results for three different nuclear charges Z = 1 (black lines),
Z = 2 (blue lines), Z = 3 (red lines). For each nuclear charge we show the laser
free RR result (dashed lines) and the full calculation (solid lines) in comparison.

frequency ωL. Moreover the figure allows us to characterize the influence of the
second term in the second line of Eq. (5.2), where the constituent matrix elements
are "mixed". For θL = 90◦ (blue solid line) this term vanishes and the increase of
the total LARR cross section compared to the laser free case is the largest. If the
laser polarization is not perpendicular to the direction of the incident electron the
increase of the total cross section due to the external laser is reduced. Therefore
the last term in Eq. (5.2) decreases the total cross section of LARR.

Up to now we have shown that the total LARR cross section is typically increased
compared to the laser free case. Moreover the results shown in Fig. 5.7 indicate that
this increasement is lower if the incident electron energy is larger. In order to study
this dependency of the total cross section on the incident electron energy in more
detail we show in Fig. 5.9 results for σSCV (4.27) as a function of Ei again for three
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different nuclear charges Z. In comparison we show results for the laser free RR
cross section. For our calculations we set the laser polarization to be perpendicular
to the incident electron momentum. Complied with our expectations, in Fig. 5.9 we
see that the total LARR cross section decreases with increasing Ei. The difference
between the total LARR cross section and the laser free result is only visible for
low incident electron energies and vanishes as soon as Ei is increased.

5.2 recombination of volkov-bessel electrons

All results we have shown in the previous section were obtained for electrons
with a spatial structure that is asymptotically plane-wave-like. During the recent
years however "twisted" electrons with a Bessel-like intensity profile and a well de-
fined orbital angular momentum received rising interest in theory and experiment
[26, 27]. Beyond the generation and characterization of such electron vortex beams
nowadays sources for Bessel electrons have been developed that makes them avail-
able for experimental application [30]. Therefore first attempts have been made to
theoretically investigate fundamental atomic processes with twisted electrons [35].
However the interaction of freely propagating vortex electrons with a laser field
has been investigated [36], laser assisted processes with Volkov-Bessel electrons
have not been addressed yet. Below we therefore will discuss results for the angle-
differential partial cross section for the recombination of a Volkov-Bessel electron
into the ground state of hydrogen for the case of a single atom as a target and the
target averaged cross section for the case of an infinitely large target.

5.2.1 Angular and energy distribution of the emitted photons

The angle-differential partial cross section dσVB
N /dΩk (4.40) for the laser assisted

recombination of a Volkov-Bessel electron into the ground state of a hydrogen
atom placed in the center of the incident electron beam can be calculated by inte-
grating the results for an incident (plane-wave-like) Volkov electron along a cone
in momentum space (cf. 4.2.3). To investigate how dσVB

N /dΩk (4.40) depends on
the opening angle θp and the orbital angular momentum l of the incident Volkov-
Bessel electron we show dσVB

N /dΩk in Fig. 5.10 as a function of the recombination
photon energy ωk(N). For these calculations, we considered two values for the or-
bital angular momentum l and two values for the opening angle θp. The results are
only defined at the discrete energies ωk(N) but we show again a connecting line
to guide the eye. The laser polarization is chosen perpendicular to the beam axis
(θL = 90◦, ϕL = 0◦). For this polarization of the external laser and a plane-wave-
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Figure 5.10: Angle-differential partial cross section for the recombination of a Volkov-
Bessel electron into the ground state of hydrogen (Z = 1) as a function of the
recombination photon energy }ωk(N). The calculations have been performed
for an incident electron with energy Ei = 100 eV, two different opening angles
θp = 45◦ (black solid line) and θp = 30◦ (blue dashed line) as well as two
values for the orbital angular momentum l = 1 (left panel) and l = 4 (right
panel). The external laser has an intensity of IL = 1013 W/cm2 and the fre-
quency ωL = 1.17 eV. The laser polarization is given by θL = 90◦ and ϕL = 0◦

while the photon emission angle is fixed at θk = 30◦.

like incoming electron, we would expect the spectrum to be a single line, because
if θL = 90◦ we have κ = 0 and therefore only the Bessel function whith N = 0
contributes to the angle-differential partial cross section (cf. Sec. 4.2 and Eq. (4.20)).
However, due to the special spatial structure of the Volkov-Bessel electron beam
more sidebands in the spectrum appear, giving it a non zero width. This width
depends on the opening angle θp and becomes smaller, if θp is decreased. This can
be understood by recalling that the wave function of the Volkov-Bessel electron
χ̃VB

p (r, t) turns into the Volkov solution of the TDSE if θp = 0◦. Qualitatively we
see that the cross section for low photon numbers N is strongly suppressed so
the emitted radiation is almost two-colored. This behaviour occurs for all shown
opening angles and values of the orbital angular momentum.
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Figure 5.11: Target averaged angle-differential cross section for the recombination of a
Volkov-Bessel electron into the ground state of hydrogen (Z = 1) as a func-
tion of the photon emission angle θk. The calculations have been performed
for two incident electron energies Ei = 50 eV (left panel) and Ei = 150 eV (right
panel) as well as various opening angles: θp = 1◦ (black solid lines), θp = 15◦

(blue dashed lines), θp = 30◦ (red dotted lines) and θp = 45◦ (green dash-
dotted lines). The intensity of the external laser is set to IL = 1013 W/cm2 and
its frequency is ωL = 1.17 eV. The laser polarization is given by θL = 80◦ and
ϕL = 0◦ and the recombination photon is emitted under the angle θk = 30◦.

The scenario discussed above only holds for single atoms placed exactly in the
center of the Volkov-Bessel electron beam. The experimental realization of this
setup is nearly impossible. A more realistic scenario is the assumption of an in-
finitely large target and to investigate the target averaged cross section dσVB/dΩk.
In Fig. 5.11 we show the target averaged angular distribution of the photons emit-
ted during the laser assisted recombination of a Volkov-Bessel electron for two
initial electron energies Ei and four different opening angles θp. To obtain the re-
sults we summed over all photon numbers N assuming that the energy of the
emitted photon is not observed. In the plane wave case the angular distribution is
proportional to sin2 θk and therefore no photons are emitted along the z-axis. This
can be seen from Eq. (4.36), where we have shown that both constituent matrix el-
ements are proportional to εk · p, which leads to a sin2 θk-like angular distribution
after summation over all possible polarizations εk of the recombination photon. As
we see from Fig. 5.11 the emission of photons along the propagation axis is not for-
bidden anymore if the incident electron beam has a non vanishing opening angle.
Indeed the forward and backward emission becomes the more probable the larger
θp becomes, while the maximum of the angular distribution is shifted towards
larger photon emission angles θk. Similar observations have been made by Matula
et al. [35], but they found that the maximum of the angular distribution is always
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at θk = 90◦. Therefore the shift of the maximum can be attributed to the external
laser field. Although in all previous sections we found that the laser influence is
weaker for higher incident electron energies, this is not the case for the example
shown in Fig. 5.11. In fact there are no qualitative differences between the results
for Ei = 50 eV and for Ei = 150 eV.



6
S U M M A RY A N D O U T L O O K

In the present thesis we have performed a widespread study on laser assisted ra-
diative recombination (LARR). For our description of LARR we have set out a
theory based on the S-matrix approaches used by Shchedrin et al. and Li et al.
[21, 22]. In contrast to the standard strong field approximation this approach ac-
counts for both fields, the external laser and the Coulomb field of the nucleus, for
both electron states in an approximate way. Therefore separable Coulomb-Volkov
(SCV) continuum states and perturbatively dressed bound states are used for the
description of the incident continuum and final bound electron, respectively.

The developed approach allowed us to perform detailed calculations for the
angle-differential cross section of LARR and the spectrum, i.e. the energy distribu-
tion of the emitted recombination photons. We found that the spectrum is broad-
ened due to the external laser field. The reason for that is the absorption or emis-
sion of laser photons by the electron which as a result may change the energy of the
emitted recombination photons. The width of the broadened spectrum depends on
three quantities. It is increased with increasing laser intensity IL and incident elec-
tron energy Ei but becomes smaller if the laser frequency ωL is enlarged. Moreover
we found that the spectrum can be strongly asymmetric around the recombination
photon energy that matches the energy difference between the incident electron
energy and the energy of the residual bound state. We were able to find the reason
for this asymmetry in the laser dressing of the final bound state. In addition we
found that while in laser free radiative recombination (RR) the angular distribu-
tion of the emitted photons has a sin2 θk pattern its maximum is shifted away from
θk = 90◦ if the process takes place in an external laser field. Similar to the spectral
asymmetry this shift also origins from the bound state dressing only. Moreover it
has been shown that the angular asymmetry is very sensitive to the geometry of
the process, especially on the angle θL between the laser polarization εL and the
incident electron momentum p.

Apart from the angular and energy distribution we performed calculations for
the total cross section of LARR. To substantiate our numerical results we put an
analytical analysis in front of these calculations. There we found that, in our model,
the total cross section σSCV is influenced by the external laser only due to the
dressing of the residual bound state and therefore coincides with the result for RR
if the bound state dressing is neglected. The analytical formulas show that σSCV

49
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is proportional to E2
L/ω2

L and therefore scales linearly with the intensity IL of the
laser. This result is also reflected in our numerical calculations, were we moreover
could show that the difference between the total cross section of LARR and RR is
reduced if either the nuclear charge or the incident electron energy is increased.

In addition to our discussion of the cross section of LARR we obtained expres-
sions for the degree of linear polarization Plin and the polarization angle χ of the
emitted recombination radiation. We used these expressions in order to discuss
the dependence of the parameters Plin and χ on the direction of the external laser
polarization for the first time. While the emitted radiation is fully polarized within
the xz-plane in the case of laser free RR, we found that it can depolarize to less
than Plin = 0.2 in the case of LARR if the external laser is polarized along the
y-axis. As well we could show that the polarization angle χ exhibits a dependence
on the energy ωk(N) of the recombination photon that has been found similarly in
the case of laser assisted Compton scattering [45].

Besides, the investigation of the laser assisted recombination of Coulomb-Volkov
electrons described by SCV wave functions, we made use of the versatility of the
S-matrix theory to study LARR involving twisted electrons. Therefore we had to
go one step back in the adaptability of our theory, because we neglect the influence
of the nucleus in our description of the incident laser driven electron vortex beam.
Nevertheless, this approach is a valid approximation over a reasonable range of
laser parameters, as shown by Jaroń et al. [19]. Within this parameter range we
performed calculations for the spectrum and the angular distribution of the re-
combination photons emitted during the laser assisted recombination of twisted
electrons and a hydrogen nucleus. We considered two different scenarios. First the
collision of an electron vortex beam with a single ion placed in the center of the
beam and secondly we averaged over all possible positions of the ion to describe
an infinite target. In accordance with previous investigations [35, 46, 47] all depen-
dencies on the orbital angular momentum are washed out in the latter scenario.
For the non-averaged case we found that the spectrum has a two-peaked structure
that is qualitatively independent on the amount of angular momentum carried by
the twisted electrons. In case the initial electron state is described by a SCV wave
function there are geometries under which the recombination spectrum shrinks
down to a single line. In contrast to that we found for this special geometry that
the energy distribution of the recombination photons has still a certain width if
the incoming electron is twisted. This width exhibits a sensitivity to the opening
angle of the incident electron vortex beam. While in the case of LARR involving
SCV electrons the zeroes of the angular distribution of the recombination photons
are only shifted due to the external laser we found that for twisted incident elec-
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trons the angular distribution is always larger than zero, even if we perform the
calculations for an infinite target.

Because the presented study on the laser assisted recombination of twisted elec-
trons is the first investigation of a laser assisted atomic process involving electron
vortex beams, there are several topics to be addressed beyond this thesis. Apart
from the next obvious step, the calculation of the total cross section, there is a
more interesting topic ahead. Because the angle-differential cross section is inde-
pendent on the orbital angular momentum l of the incident twisted electrons we
cannot get insight into the role this angular momentum plays in the process of
LARR. One possibility to overcome this restriction is to consider neither an infinite
nor a single-ion target but a target with a certain yet small extent. Currently there
are works in progress on the interaction of small targets with twisted photons,
indicating that such a consideration may lead to interesting results regarding the
sensitivity of observable quantities with respect to l [48].

In addition to considerations involving twisted electrons that need to be labo-
riously prepared in experiments there are two more points worth investigating
in the future. First nearly all modern experiments on the interaction of atomic
systems with lasers are performed using pulsed lasers, especially in the high in-
tensity regime. Therefore, one could search for possible effects coming from the
non-infinite but pulsed external field. Secondly, there are experiments that directly
measure the cross section of LARR for a final state that is not the ground state of
the ion but a highly excited (Rydberg) state [8]. A direct extension of our theory to
describe the recombination into such states is not possible because for these states
the laser field has to be treated non-perturbatively. However there are promising
approaches that could possibly be adapted to fit into the existing S-matrix frame-
work shown in this thesis [12, 49].

Summarizing, in this thesis we have set up a theory to describe LARR in a
non relativistic framework. Using this theory we obtained numerical results for
the angle-differential and total cross section of the process as well as the spec-
trum of the recombination photons. Moreover we presented first results for the
geometry- and energy dependent degree of linear polarization and polarization
angle of the emitted radiation. Additionally we have performed the first study of
laser assisted atomic processes involving electron vortex beams using the example
of LARR. Based on the obtained results the present thesis stresses the importance
of a proper description of the residual bound state and lays the foundations for
further studies considering e.g. short pulses, finite targets, twisted electrons and
the laser assisted recombination into highly excited states.
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